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Abstract-An elastic. plane and funicular circular arch loaded by uniformly distributed radial
pressure is considered. Fundamental buckling modes corresponding to two lowest criticlil 101lds
both for out-of-piline and in-plane buckling of the arch are studied. Both depth lind width of a
rectangul,lr cross-section are treated ,IS independent control functions. The optimization problem
determines these cross-sectionlll dimensions as the functional design variables in order to minimize
the lotlll volume of the arch under given external pressure and geometriclll constraints. Suitllhle
optim.llity conditions are derived using the Pontry'lgin mllximum principle. The solution requires
a multimodal. even qmldrimodlil. formulation of the optimiz.llion problem to be intwduced. Some
detailed numerical results are prescnlt:d and lIdvlIntages connected with the assumption or two
independent design v,lrillhles arc discussed.

l. INTRODUCTORY REMARKS

The optimal design of arches under stahility constraints was the suhject of many papers.
The hook hy Gajewski and Zyczkowski (198X) gives a hroad review ofsuch papers puhlished
hefore 19X6. The m'ljor p.trt of them deah with the unimodal formulation of the optimization
prohlem and with one design variahle only.

The need for the bimodal formulation of the optimization prohlem for ,Irches was
pointed out (Bbchut and Gajewski. 198Ia). A plane arch with an inextensihle ,Ixis was
considered and only in-plane buckling W,IS admitted. If out-of-plane loss ofstability ofsuch
an urch is udmitted then. even bimodul formulation hecomes insullicienL This wus shown
for a circular funicular ,Irch with a rectangular cross-section where uni-. hi- or trimodal
formulation was rel\uired in order to solve the optimization prohlem (Bochenek und
Gajewski. 1986). That paper considered only on~ design variahle namely either one of
rectangle dimensions or both dimensions but with their ratio fixed.

This paper undertakes a new and more complicated problem. i.e. the optimal design
of an arch for which both d~pth and width of a rectangular cross-section are tre'ltcd us two
independent design functions. The optimization problem of this kind was. for the first time.
investiguted for u compressed column with a rcctangular cross-section which cun buckle in
two planes (Bochenek. 1987).

The arch is optimized ugainst phme and sputiul buckling and its axis is assumed to be
inextensiblc. The influence ofextensibility on the optimal design of a plane arch aguinst in­
plane buckling was previously considered (Blachut and Gajewski. 198Ib). Variations
were not taken into .Iccount whereas this problem for arches as multimodal was dealt with
by OlholT and Plaut (1983).

2. MATHEMATICAL DESCRIPTION

An clastic. plane and circular arch loaded by uniformly distributed radial pressure.
shown in Fig. I. is considered. The arch is assumed to be thin. slightly curved and its axis
is treated as inextensible. Hence a momentless prebuckling state occurs (only the axial force
N:o = - pR dilTers from zero) and the buckling state can be described by two sets of six
first-order ditTerential equations. one for in-plane and the other for out-of-plane loss of
stability. These equations. the same as in Bochenek and Gajewski (1986). are re-written
here in a more convenient matrix form
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shear forces (K,. K..). and axial force (.V:) are dimensionless and defined in relation to the
coordinate system X(j.yo. ;o-normal. binormal and tangent to the arch axis before
buckling. Dimensionless B, and B, are the flexural rigidities. C the torsional rigidity. and
pll'~' the external pressure. The definitions of these variables and additional parameters f:.
CPl' cP~ are as follows:

ll,~

"
m = T*'

l\',~
II' =-~

m ,*'
M~",'*

All'''' = --B'--'
dl

K*'*~K - _~~/~­
,I - B~(j . B,.

B~

B
--;; .

yO

C*
c= C*.

II

ptmlR*J
Pllm) = -B'--*---'

.1'0

,= 1.2:111 = 3.4. (3)

Dimensionall\uantities arc marked with asterisks. H~ll' B~ll. C~ arc certain constants to be
dclined hiler. '* is the length of the arch. and R* the radius of curvature or the undeformed
a\is. Symmetric and anlisymmetric forms or in-plane and out-of-plane loss of stability
conneded wilh lhe lowest relevant critical loads I'll"') arc considered. Indices' and 111

distinguish lhe following forms of buckling: ,= I for symll1etric out-of-plane. , =2 for
antisYll1metric out-of-plane. fII = J for symmetric in-plane. III = 4 for antisymmetric in­
plane.

As regards lhe load behaviour in the course of buckling the considerations arc conlined
to the case of fixed in space load direction. Moreover. arch ends arc cbmped so lhe
boundary condilions for lhe state equations. eqns (I), arc as follows:

:XI(O) = "1(0) = 1'1(0) = :XI(~) = AI:I(~) = Kri (!) = 0

:x~(0) == ,'~(O) = 1'~(O) == Y~O) = L'~n) = Ald~) = 0

11,(0) == lI'dO) == /fJ(O) == /f ,(~) == K, ,(~) = 1I'1(~) = 0

114(0) == 11'4(0) = {/4(O) = M'4(~) = 114(!) = N:4(~) == O. (4)

Boundary conditions that distinguish symmetric and antisymmetric buckling modes are set
up for s == ! due to the symmetry of the structure in the prebuckling state. Boundary
conditions for s = 0 are given in the form common for both symmetric and antisymmetric
modes. s denotes the independent variable measured along the arch axis.

The cross-section is assumed to be ~I rectangle and the dimensionless width h and depth
It defined as

h*
h =~'('c:,

"i A~

11*
It = .

JA~
(5)

arc trealed as two independent runction~11 design variables. The cross-sectional area A~ is
chosen to satisfy

(6)

or
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i'bii ds = I
I)

(7)

where f .~'" is the minimal volume of the arch and hand ii are the optimal control functions.
Flexural rigidities. torsional rigidity and constants B~o. B~o. C~ may be now presented in
the form

HI' = bh].

(8)

C has the same ,Ipproximate form as given previously (Bochenek and Gajewski, 1986). and
E and G are Young's and Kirchhoff's modulus. respectively.

3. TIlE orTIMlzt\TlON PROBLEM

The proolem of optimal design is to determine two design functions i';(s). JI(s) that
satisfy the state equations. eqns (I), with boundary conditions (4). normalization condition
(7) and minimize the total volume of the arch under a given external load

fI'" = const.

In addition. geometrical constraints are imposed on both design functions

hi ~ h(s) ~ h~

hi ~ li(.\') ~ h2 •

(9)

( 10)

With a view to obtain the necessary optimatily condition the Ponlryagin maxilllum
pril1l:iple is used. Introducing a new variable Yo so as to satisfy

d
-" r = hhtis' 0

wilh conditions Yu(O) = O. J'u( I) = I, adjoint stale vectors

\IJ II I = (,I.'1l .1.lIl .1.11l .1.lll ,I.(/) ,1.lIl. .1. ) I
T I't· 1 'i'.tf." 'Yj' • o/.\/~" Y:r , I'A I ' 'YO

\lJlml = (l'ml l'ml lim) ,f.I':1I .f.lm) l"~11 ,I. )1'
r /I ••, ,,/1"/ 1 " II" "PA.\" lJI/1 "fI.\:" 1'0

(II )

(12)

and assuming, in general. four simultaneous modes of buckling corresponding to two lowest
critical loads both for out-of-plane and in-plane loss ofslability (4uadrimodal formulation).
the Hamiltonian may be written in the form

, J

H = l/Johh+ L: '/J:/lD:~>Y~/)+ L: ,~~mlJ5~;"I.l~~ml.
/ ... 1 ",...,.,.'

(t 3)

ft can be proved that the problem under consideration is self-adjoint. Hence eqn (13) takes
the form
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(14)

[n eqn (14) tenns that are independent of b or h are omitted. k, and k... are nonnegative
constants to be detennined. If some of the k, or k... vanish a uni-. bi- or trimodal solution
is obtained.

For two independent design variables band h the necessary optimality condition takes
the fonn of the following set of two equations:

eH eH
cb = o. ell = o. ( 15)

The two transcendental algebraic equations obtained directly from eqns (14) and (15) can
be replaced. after some algebra. by

( (6)

where

II I 64 I (ml )t1 = h' /(to = 3' - ~ th .....
7t. tl 2

( 17)

Only the first equation is transcendental with respect to " whereas the second is linear with
respect to hh.

4. NUMERICAL EXAMI'LES

With the intent to solve the previously stated problem the iterative method proposed
by Grinev and Filippov (1974), later used by other authors (Blachut and Gajewski, 1981a. b;

s

h ,I
o~t~====:,--'-'_~_-_-_-_ -_=::J__...L._

s

/), • I I /),' I 5

hi -065 h Z '09

e,' 8 8

Fig. 2. The optimal arch for f. = 7[/"1 (himodal solution) and corresponding optimal functions ii.li.
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Bo~hcnck and G.ljcwski. 1(86) is applied. The method is tre.Hed as known .tnd the details
life not presented in this paper. Numcrical intcgration of the state equations is performed
slcr-by-~i1Cp using the fourth-order Runge-Kutta method. H'llf the urch kngth is dividcd
intn ~)nc hundred parts.

G:oll1ctrkul constraints hi' h;. hI_ It~ arc changed for given steepness r. of the arch.
Optimization begins for the prismatic arch for which the lowest i:riticalloads corresponding
to symmetric out"or-plane lmd mUisymmctric in-pl.me buckling have the s~\mc valuc--
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Fig. 6. Th.: llptimal arch fllr t: = ~1!. J (quadrimodal solution) .md corresponding optimal functions
h. ii.

73

bimodal solution. For any set ofconstraints critical loads connected with the other buckling
nwdes an: calculated for the obtained optimal shape. If one qf these loads has a lower value
than the load for an optimal arch. the solution is no longer correct. The trimodal formulation
which elJualizes three critical loads has to be introduced. Analogically. in the case of an
ilKorrect trimodal solution a lJuadrimodal formulation must be taken into consideration.

For I; = rr/'2 the starting prismatic arch has the rectangular cross-section with the ratioh" = 1.<12. The analysis of the results ofa previous paper (Bochenek and Gajewski. 191(6)
leads to the conclusion that among all prismatic arches with rectangular l.:ross-sl.:ction
loatied oy the same oul.:kling load the one with hi" = 1.6'2 has the lowest volume-the
optimal oimodal prismatic arch. Furthermore. optimization with respect to only one design
variaolc gives the volullIe redlKtion of aoout IO'Y.,.

For the purpose of comparison of those results with the ones ootained in the approacll
tlf this paper for two independent design funl.:tions - detailed l.:alculations for /; = rr/2
were performed. The results arc presented in Figs '24 whl.:re optimal functions '7(.1"). '7(.~)

and an:h shape for l.:ertain geomclril.:all.:onstraints arc shown. In addition. the values of the
vlliume redul.:tion l.:oellident (". which is defined as

, .... -V'"
1'''''" 11I111 IO()%

V... "pn,m
( 18)

are given. It turns out that the volume redul.:tion is greater than in the l.:ase of one design
variaole for the same starting prismatil.: arch. On the other hand optimal shapl.:s arc more
wmplil.:ated as to the mass distribution.

It is worth underlining that in order to pay attention on qualitative Ii:atures of gained
clrecls the 17(.1") and ,7(.1") diagrams an: presented with two difrerent sl.:ulcs for ubsl.:issa und
ordinate u:<es. Twnsverse dimensions arc multiplied by 10. henl.:e. to show reul proportions
octween arcll length und l.:ross-sel.:tional dimensions one has to divide them by 10. The arl.:h
is thin and the 1ll.ISS distribution chunges slightly.

Figurl.:s 5 and (, show optimal ardles for stl.:epness parameter I: = rr/4 and '2rr/3. Pres­
entation is confined to lJuadrimodal solutions only.

.·k/.;"m"''''''/''I1I'·/II.< The aUlhors arc greatly inJehled to Professor M. Zyczkowski for his helpful remarks
thrllughoulthe work on this paper. This paper was supp"rteJ hy the Polish Ae'ldemy of Sciences. Grant ()~.Oli(i.J.
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